Quantum dots comprise a type of quantum impurity system. The entanglement and coherence of quantum states are significantly influenced by the strong electron-electron interactions among impurities and their dissipative coupling with the surrounding environment. Competition between many-body effects and transfer couplings plays an important role in determining the entanglement among localized impurity spins. In this work, we employ the hierarchical-equations-of-motion approach to explore the entanglement of a strongly correlated double quantum dots system. The relation between the total system entropy and those of subsystems is also investigated.
I. INTRODUCTION
Entanglement is one of the marvelous features of quantum mechanics. It describes nonlocal correlation between different quantum objects. From information perspective, entanglement can be used in quantum computation and quantum information storing applications [1] . Moreover, entanglement can be experimentally quantified. In 2015, Islam et al. prepared and interfered two identical copies of a four-site Bose-Hubbard system, and measured the entanglement [2] , in terms of the Rényi entropy and mutual information [3] . In 2017, Cocchi et al. measured the entropy and short-range correlations in a two-dimensional Hubbard system [4] . Generally speaking, quantum computation applications rely greatly on the generation, control, and detection of entangled states [5] .
Double quantum dots (DQDs) comprise one of the fundamental and relatively simple open quantum systems. The physics of DQDs is intriguing and fundamental, including the many-body characteristic Kondo phenomena [6] [7] [8] [9] . Besides the practical applications in nanoelectronics, DQDs also play a vital role in quantum information processing [10] [11] [12] , and have been used in implementing two-electron spin entanglement [13] . Furthermore, entanglement of DQDs can be used to convey quantum information through a computing device [1] .
There are some theoretical studies on entanglement in DQDs [9, 14, 15] . However, the underlying mechanism, especially the strong correlation many-body effects on entanglement, remains a challenging task. Therefore, an accurate and universal approach capable of addressing strong correlation effects on entanglement in DQDs is highly desirable. Various methods have been used to study the entanglement of DQDs. Ramšak et al. have applied the numerical renormalization group method to study the competition between pair entanglement of two spin qubits in DQDs with various topologies [14] . Büsser et al. have employed the time-dependent density matrix renormalization group method to a DQD Aharonov-Bohm interferometer system [9] . They demonstrated that an entangled charge state can be induced and controlled by sending an electrical current through the structure [9] .
In this work, we exploit the hierarchical-equations-ofmotion (HEOM) approach [16] . This is a nonperturbative method for combined effects of system-reservoir dissipation, non-Markovian memory and electron-electron interactions. It has been applied to investigate a wide range of equilibrium and nonequilibrium, static and dynamic properties of quantum dot systems [17] [18] [19] [20] [21] [22] [23] . The resultant reduced and auxiliary density matrices and their dynamical responses contain rich quantum phenomena, including entanglements and strong manybody correlations. By using the HEOM method, Hou et al. demonstrated that quantum phase has critical influence on quantum entanglement in Aharonov-Bohm double quantum dot (DQD) interferometer [20] . The present work aims at characterizing entanglement in parallel-coupled DQDs, with the HEOM calculations on various related quantities. The interplay between entanglement and many-body phenomena will be analyzed.
A concise illustration of the parallel-coupled DQD model is given. The HEOM approach is employed to evaluate various quantities that quantify entanglement. We demonstrate that the resultant entanglement is mainly determined by the spin-spin correlation.
II. MODEL AND METHODOLOGY

A. Two-impurity Anderson model
With the second quantization formulation, the system Hamiltonian is expressed with the creation and annihilation operators, {â † νs } and {â νs }, of the system electrons. These operators are represented by m×m matrices, with m being the number of Fock states that span the system Hilbert space. For a spin resolved single impurity, the system Hilbert space is spanned by four Fock states: the vacant |0⟩, the singly occupied |↑⟩ and |↓⟩ by individual spin-up and spin-down electrons, and the doubly occupied |d⟩.
We adopt the two-impurity Anderson model (TIAM) [24] , to represent the DQD of interest in this work. The localized spins are considered to be magnetic impurities, which interact with its surrounding environment. The system, with the two subsystems A and B, is in parallel transport setup, as sketched in FIG. 1 .
The total Hamiltonian consists of the DQD impurity system (H sys ), the electrons reservoirs leads (H leads ), and their couplings (H coup ). The system Hamiltonian is 
where {t αik } are the coupling constants. The influence of leads on the dots is characterized by the hybridization function, ∆ α,ij (ω)≡π
. In this work, it assumes the Lorentzian form,
Here, µ α is the chemical potential of α-lead, W is the band width, and ∆ α is the coupling strength. The overall dot-lead coupling strength, ∆=
to be the energy unit hereafter. The above TIAM model has been realized experimentally in DQD systems, with the interdot coupling strength tunable by plunger gates [25] .
B. Measures of entanglement
Let ρ AB be the reduced double-dots system density matrix. One can assign it a state on the subsystem A by
where tr B is partial trace with respect to subsystem B. This is the reduced density matrix of the subsystem dot A, and that of the dot B is defined similarly and denoted as ρ B =tr A (ρ AB The quantum entanglement considered in this work refers to the nonclassical and nonlocal correlation between subsystems A and B. Obviously, ρ AB ̸ =ρ A ⊗ρ B if A and B are entangled.
There have been several physical quantities used for the measure of quantum entanglement [1] . Entropy of entanglement is an entanglement measure for a manybody quantum state. It plays a significant role in quantum information. The smaller the entropy, the stronger the entanglement. Two kinds of entropy will be employed to measure the bipartite entanglement between the two dots. One is the von Neumann entropy [26] ,
The von Neumann entropy can be viewed as the quantum version of the classical Shannon entropy in information theory [27] . For a quantum system, S vN quantifies how far the system state departs from a pure state. Another entropy is the Rényi entropy [28] , which is a generalization of the von Neumann entropy. Note that the Rényi entropy differs in general from thermodynamic entropy [29] . The latter is given by Boltzmann, i.e., S=k B lnΩ, with Ω being the number of microstates that correspond to the macroscopic thermodynamic states and k B is the Boltzmann constant.
The Rényi entropy of order n (with n>0), S n (ρ), is defined as [28] 
Apparently, Rényi entropy provides a continuous spectrum of entanglement measure parameterized by variable n. Specifically, the zeroth-order Rényi entropy, S 0 (ρ)=lnm, is also called the Hartley entropy or maximum entropy [30] , where ρ is an m×m matrix. Here, m=(2N s )
Nν for a general impurity of N ν orbitals, and N s =2 in the spin-resolved scenario. In the limit of n→1, the Rényi entropy recovers the von Neumann entropy [28] :
For consistency the von Neumann entropy will be denoted as S 1 (ρ). The second-order Rényi entropy,
, is also called the collision entropy [28] . The Rényi entropy of order n is non-negative. It is a monotonic function and there exist inequalities between different values of n, S 0 (ρ)≥S 1 (ρ)≥S 2 (ρ) [31] . The Rényi entropy satisfies the triangle inequality [1] ,
Denote for simplicity hereafter S n (A)≡S n (ρ A ), S n (B)≡ S n (ρ B ), and S n (AB)≡S n (ρ AB ). As the two dots considered in this work are equivalent, we have S n (A)=S n (B).
As for the measure of correlation between quantum subsystems, we exploit the quantum mechanical analog of the Shannon mutual information [3] ,
This measures the shared mutual information between systems A and B, and represents a quantitative description for the physical amount of quantum correlation. Mutual information exhibits interesting scaling properties with respect to subsystem size, which plays a vital role in studying the area laws [32] in interacting quantum systems [33] . It is well known that at low temperature the parallelcoupled DQDs exhibit conspicuous Kondo effect [6, 7, 9] . Kondo states originate from the screening of local magnetic moment on the dots by itinerary electrons in the leads, and they reflect the entanglement between DQDs and leads. However, the reduced system density matrix ρ characterizes mostly the entanglement between the two dots. Therefore, the Kondo states in the DQD system would have rather minor influence on the above defined entropies.
On the other hand, the interdot coupling t AB gives rise to an effective antiferromagnetic (AFM) interaction between the local spin moments on the two dots [15, 34, 35] . Such an AFM interaction plays a dominant role in the entanglement between the two dots when t AB is large. To quantify the relation between the quantum entanglement and the strength of AFM interaction, we also examine the concurrence C AB (see Eq. (11)). This quantity measures the entanglement between the two dots from the perspective of spin-spin correlation [20, 36] .
The spin operator associated with the νth dot is constructed asŜ ν = 1 2 ∑ ss ′â † νs σ ss ′â νs ′ , where σ represents the vector of Pauli matrices. For the DQD, the total spin moment is ⟨S 2 ⟩=S(S+1) for a pure spinstate. The total spin number of a DQD is either
Moreover, the spin correlation between the two dots is evaluated by S AB =⟨Ŝ A ·Ŝ B ⟩. It is well known that S AB =1/4 for the two electrons forming a triplet, and S AB =−3/4 for a spin singlet. Realistic DQD is in a mixed spin-state. An ideal mixture acquires the values of ⟨S 2 ⟩=0.75⟨S 2 ⟩ triplet +0.25⟨S 2 ⟩ singlet =3/2 and S AB =0. Physically, S AB <0 and S AB >0 represent the effective antiferromagnetic and ferromagnetic interdot interactions, respectively.
The concurrence C AB is determined via the reduced system-spin density matrix as [36] Fock states, |↑↑⟩, |↑↓⟩, |↓↑⟩, and |↓↓⟩, over two dots. Because there is no direct spin-flip term in the system Hamiltonian (Eq.(1)), the concurrence Eq.(11) can be related to S AB via [9] C AB = max 
III. RESULTS AND DISCUSSION
In the following, we employ the HEOM-QUICK program [23] to calculate the reduced system density matrix ρ AB of the DQDs. The DQD systems are considered in equilibrium. The truncation tier is set to be L=4. It is sufficient to yield quantitatively converged results for weak and medium dot-lead coupling considered in this work. The resultant Rényi entropy S n (Eqs. (7) and (6)), the quantum mutual information I n (A, B) (Eq. (10) rather insensitive to T , since the dot's internal structure has little correlation with temperature. It is also observed that the stronger coupling intensity t AB is, the smaller the S n (AB) will be, indicating the entanglement is stronger. Note that the maximum entropies are of S 0 (AB)=2S 0 (A)=2S 0 (B)=ln16≈2.77, that depend only on the system size, but not on the temperature and interdot coupling strength. FIG. 3 depicts the Rényi entropies as functions of interdot coupling strengths t AB , at temperature T =0.5 ∆. At t AB =0, S n (AB)=S n (A)+S n (B), indicating the subsystems A and B are not entangled in this trivial case. The subsystems will remain unentangled in the weak t AB regime. It requires a certain minimum nonzero t AB , giving rise to antiferromagnetic correlation, for the two spins to be entangled.
The evaluated entropies satisfy the triangle inequality, Eq.(9). The second-order Rényi entropy, S 2 , provides the lower bound [31] to the von Neumann entropy, S 1 =S vN . While the later has been used ex- tensively in various context, S 2 is used to specify the sufficient conditions of entanglement: S 2 (A)>S 2 (AB) and S 2 (B)>S 2 (AB) [38, 39] . From FIG. 3 , such inequalities become true at t AB >1.8 ∆. These entropic inequalities are more powerful in detecting certain entangled states than other inequalities such as the Clauser-Horne-Shimony-Holt inequality [39, 40] . Evidently, strong entanglement occurs in the strong coupling strength regime .  FIG. 4 shows the quantum mutual entropy, I n (A,B) of Eq. (10), as a function of temperature. Thermal fluctuation suppresses the quantum correlation effect. The classical characteristics emerges gradually as the temperature increases. At higher temperature, the mutual information approaches to zero, indicating the absence of any correlation. Non-local correlation and entanglement are mainly limited in the low temperature region (T <0.5 ∆), which agrees with that of FIG. 2 .
As discussed earlier, we would like to link the total spin moment ⟨S 2 ⟩ and the spin correlation S AB , with the measure of entanglement in terms of the concurrence C AB . In FIG. 5 and FIG. 6 , we plot these quantities as functions of interdot coupling strength t AB (leftpanels) and of temperature T (right-panels) respectively. Remarkably, nonzero C AB occurs only with sufficiently large t AB or at low temperature ( see FIG. 5) . Evidently, the entanglement-on characteristics depends sensitively on both t AB and T . As shown in FIG. 6(a) , the switch-on value of t AB decreases as the temperature decreases. One would expect an elevation of the switchon value of T as the interdot coupling t AB increases. However, it is not the case as shown in FIG. 6(b) . The concurrence C AB in the inset there switches on at T ≈1.5 ∆ when t AB =1.5 ∆, but at a depressed temperature of T ≈0.7 ∆, when the interdot coupling increases to t AB =2.5 ∆. The interplay between the interdot-spin correlations and the itinerant electrons induced screening effect on entanglement would be anticipated, as follows. First of all, in the presence of itinerant electrons, the actual state should be a mixture of singlet and triplet states. This is supported by the fact that 0<⟨S
2 ⟩<2, exclusively between the values of the two pure spin-states. When t AB is smaller than a critical value, and/or the screening effect would be dominant on individual dot, the two dots tend to form an artificial molecule through a combination similar to ionic bond [41] . Under the influence of t AB , electrostatic redistribution occurs within each dot, therefore resulting in an attractive Coulomb interaction between two dots. The two spin moments are nearly independent of each other, and the local spin at each dot is separately screened by itinerant electrons. As a result, there can be no entanglement between electrons on the dots.
When t AB is larger than a certain critical value, the electrons in the dots are coherently coupled together, causing the dots to form an artificial molecule through a bonding similar to covalent bond [41] . At T =0.5 ∆, the total spin moment ⟨S 2 ⟩ is 3/4 while the interdot coupling strength t AB takes the value of 1.55 ∆. The local spin at one dot is totally screened by itinerant electrons, this yields an S=1/2 residual spin. One can see the concurrence C AB has a large rise over the range of 1.55 ∆<t AB <3 ∆, corresponding to an abruptly increased entanglement between two dots. Low negative value of spin correlation indicates that electrons local-ized in the dots have high probability to form a spin singlet.
As t AB increases, ⟨S 2 ⟩ decreases and finally approaches to zero; on the contrary, C AB increases and finally reaches the value of one. Electrons in the dots form an entangled spin singlet. Although C AB and ⟨S 2 ⟩ change slowly, entanglement still becomes stronger. The results agree well with the conclusions we get from  FIG. 3 . From FIG. 6(a) , it can be observed that, with the increase of t AB , the entanglement is always increasing; but the spin correlation S AB has a minimal negative value versus a critical t AB . In other words, there exists a maximal AFM interaction, corresponding to a strong entanglement.
As shown in FIG. 5(b) and FIG. 6(b) , for t AB =2.5 ∆, as the temperature increases from T =0.1 ∆ to T ≈ 1.5 ∆, the concurrence drops abruptly from C AB ≈0.92 to C AB =0. The system is always in a mixed state of triplet and singlet. While at low temperature, the proportion of singlet is much larger than triplet and the spin-spin correlation between two dots is strong, leading to strong entanglement. When temperature is high, thermal fluctuations suppress the spin-spin correlation and thus entanglement becomes weak between two dots. Nonlocal correlation and entanglement mainly occur at low temperature region. 
IV. CONCLUDING REMARKS
To summarize, in this work we mainly studies the entanglement of the parallel-coupled DQDs by the HEOM approach. By analyzing the reduced density matrix as well as by properly constructing the Hamiltonian of the DQDs, we can obtain more precise information about quantum coherence, quantum correlation, and quantum entanglement. We quantitatively studied the influence of the coupling strength between DQDs and environment temperature on entanglement, and investigated the relationship of Rényi entropy between total system and subsystems.
As for two identical parallel-coupled dots, the quantum many-body effects result in different spin states in the DQDs, which have different effects on entanglement. There are two distinct quantum ground states in this kind of system, i.e., the spin-1/2 state and the spin singlet between two dots. At low temperature and strong interdot coupling strength, quantum correlation and entanglement become stronger. The quantum mutual entropy also quantifies the quantum correlation. The second-order Rényi entropy provides a lower bound for the von Neumann entropy. The second-order Rényi entropy can reflect more information than the von Neumann entropy. Interesting results can be obtained by comparing the results for the combined effects of driving an electric or magnetic field on the DQD system. We hope that this work will encourage further efforts both theoretically and experimentally to probe the mechanism and many-body effects on entanglement of DQD system.
V. ACKNOWLEDGMENTS
